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Abstract

In the paper, a new definition of the fractional Fourier transform of
the real order « is introduced. This transform plays the same role for the
fractional derivatives as the Fourier transform for the ordinary derivatives
does. If o = 1, the fractional Fourier transform is reduced to the Fourier
transform in the usual sense. Some important properties of the fractional
Fourier transform including the inversion formula and the operational re-
lations for the fractional derivatives are presented. Applications of the in-
troduced transform for solving some model partial differential equations of
fractional order are given.
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1. Introduction

Fractional Fourier transform in the form of fractional powers of the
Fourier operator has been introduced as early as 1929 (see e.g. [16]). Later
on, this notion has been applied in particular in quantum mechanics, chem-
istry, optics, dynamical systems, stochastic processes, and signal processing.
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We refer the reader to the well written book [8] for the detailed presenta-
tion of applications related to the fractional Fourier transform, as well as
to its mathematical background, properties, and references to the original
literature.

In [8], the authors present 6 different definitions of the fractional Fourier
transform. All of them were suggested to be used in different contexts like
the voice, images or signal processing and work well with the fractional
models, but there is no direct connection between these definitions and the
Fractional Calculus known. Still, the situation with the definition of the
fractional Fourier transform is very similar to the one by the fractional
derivatives: Whereas there exists a lot of different definitions of the frac-
tional derivatives, the answer to the question what definition to use depends
mainly on the problem we are dealing with. There is no one best definition
of the fractional derivative or the fractional Fourier transform — one should
rather try to take the suitable one while modeling a process or considering
a mathematical problem.

Our intention in this paper is to introduce a new definition of the frac-
tional Fourier transform that is suitable to use while dealing with the frac-
tional differential equations. It is well known that - under certain conditions
- the following operational relation holds true (see e.g. the book [14]):

(FDEu)(w) = (Fiw)* (Fu)(w), o= 0, (1)

where F is the Fourier transform (2) and D% are the suitable Riemann-
Liouville fractional derivatives. This formula can be even interpreted as a
definition of a fractional derivative. In fact, this and similar definitions are
currently actively used by many researchers who employ Fractional Calcu-
lus to model applied problems in different fields to represent the spatial
fractional derivatives. In particular, for a sufficiently well-behaved function
u the Riesz-Feller space-fractional derivative of order o and skewness 6 is
defined as (see e.g. [7])

(F D§ u)(w) = —g(w) (Fu)(w),
P2 (w) = |w|® ei(Sign(“’)w”/Q, 0<a<2, |0 < min{e,2—a}.

Whereas the formula (1) can be used without any problems for the
conventional derivatives (¢« = n € IN), in the case of an arbitrary positive
« a certain branch of the multi-valued complex function (Fiw)® has to be
chosen that might cause problems while applying this formula to several
fractional derivatives with the different exponents and, in particular, to
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the composition of such derivatives. Moreover, replacing a multi-valued
complex function with one of its branches means information loss, so that
the inverse of such function will be not identical to the original one. To
avoid these problems, our motivation behind the suggested new definition
was to introduce a fractionalization of the Fourier transform F, of order «
that acts on the fractional derivative D of order « in the exact the same
way as the conventional Fourier transform acts on the usual derivative, i.e.,

(FaD%)(w) = (=i cqw)(Fau)(w),
with a constant ¢, depending on the order « of the fractional derivative.
It turns out, that our definition keeps most of the properties known in the
literature for other definitions of the fractional Fourier transform. Moreover,
handling of the so defined fractional Fourier transform mainly follows the
lines of using the conventional Fourier transform and so can be managed by
everybody familiar with it.

The remainder of the paper is organized as follows. The second section
is devoted to the definition of the fractional Fourier transform and investi-
gation of its properties including the inversion formula. In the third section
we deal with the operational relations for the fractional Fourier transform
and fractional derivatives. The last section contains some examples of appli-
cation of the fractional Fourier transforms to the model partial differential
equations of fractional order.

2. Fractional Fourier transform

For a function u € S, S being the space of rapidly decreasing test
functions on the real axis IR, the Fourier transform @ is defined as

+o0 )
iw) = (Fu)w) = / w(t)etdt, w € . )
The inverse Fourier transform has the form
1 [t :
ut) = (Fla)(t) = %/ i(w)e “tdw, t € R. (3)

The operator F can be extended to the space S of tempered distributions
(for definition of S’ see e.g. [3]) following the standard procedure. For the
theory of the Fourier transform in other spaces of functions see e.g. [15].
Now we introduce the space of the test functions where all formulae
presented in the paper are valid. Of course, our results can be extended to
the dual space of the generalized functions, to the L, spaces or to the Sobolev
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spaces; this will be done elsewhere. In this paper, we restrict ourselves to
the Lizorkin space of the test functions that is defined as follows: Let S be
the space of rapidly decreasing test functions. Denote by V' (IR) the set of
functions v € S satisfying the conditions:

d™v

dxinuzozo’ n:O,l,Q,....

The Lizorkin space ®(IR) is introduced as the Fourier pre-image of the space
V(IR) in the space S, i.e.,

O(R)={peS: ¢pcV(R).

According to the definition of the Lizorkin space, any function ¢ € ®(IR)
satisfies the orthogonality conditions

+oo
/ z"p(x)dr =0, n=0,1,2,....

—0o0

We note that the Lizorkin space and its dual space have been studied by
several authors including [5], [6], [12], [14] [13], [11]. In particular, it was
shown there that the Lizorkin space is invariant with respect to the frac-
tional integration and differentiation operators (this is not the case for the
whole space S of the rapidly decreasing test functions because the fractional
integrals and derivatives of the functions from the space .S not always belong
to the space S). The reason mentioned above makes the Lizorkin space to
be a very convenient one while dealing both with the Fourier transform and
with the fractional integration and differentiation operators.

DEFINITION 2.1.  For a function v € ®(IR), the fractional Fourier
transform of the order o (0 < a < 1), 4y, is defined as

+o0
Uo(w) = (Fou)(w) :/ u(t)eq(w,t)dt, w € IR, (4)
where _I v
—1|w|H ¥t
alw,t) := e , w=0, )
€ (UJ, ) { e’b‘w‘l/at, w Z 0. ( )

If @ = 1, the kernel e, defined by (5) coincides with the kernel of the
conventional Fourier transform:

eiwlt <0 iwt
el(wt)::{ G - = e welR telR.
’ ez\w|t7 w>0

This means that the fractional Fourier transform of the order 1 is just the
conventional Fourier transform: F; = F.
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The relation between the fractional and conventional Fourier transform
is given by the following simple formula:

o(w) = (Fau)(w) = (Fu)(z) = a(z), (6)

where
(7)

Using the formulae (6)-(7) we can use the known properties of the Fourier
transform both to calculate the fractional Fourier transform of the concrete
functions and to determine the inversion of the fractional Fourier transform.

T = - ‘wll/av w < 07
' lwf,  w>0.

EXAMPLE 2.1. Let us evaluate the fractional Fourier transform of the
function "
A, |t <T
t) = ’ -
u(t) { 0, |t|>T.

Using the well known formula for the Fourier transform of the function u
and the relation (6), we get

B _ Asin(Tz)
(Fau)(w) = (Fu)(z) = T
[ ST @S0 Asin(T /e
ALl w0, e

ExAMPLE 2.2. Let
(Fau)(w) = g (w) = g(w).

Then y
() = (Fu)e) = m(a). 2= { " 50
and
u(t) == (F ) (1) = (F~91) (1), 0

3. Operational relations for the fractional Fourier transform

In this section, we turn our attention to the operational relations be-
tween the fractional Fourier transform and the fractional derivatives that
are defined in the paper as follows:

(Dgu)(z) := (1 = B)(Du)(z) — B(D2u)(z), 0<a <1, B€R, (9)
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D% and D2 being the Riemann-Liouville fractional derivatives on the real
axis:

(D)= (5 ) (1) (10)

where I is the Riemann-Liouville fractional integral operator

1)) = s [ o=t uloyie (1)

and

) = () (), (12)

where I¢ is the Riemann-Liouville fractional integral operator

1 oo 1
(") () = —— / (t — 2)° L u(t)dt. (13)
() Jo
Let us remark that the fractional derivative Dg coincides with the or-
dinary derivative for any value of g if a = 1:

(Dhu)(@) = (1= B)(DLu)(@) - BDLu)(@) = (1= B) du | gdu _ du

dr dx
The most interesting particular cases of the fractional derivative (9) are
the following ones:
1) 3=0: D§ = DY,
2) =1 Df‘ =-D2,
3) B=1/2: DY)y = ;(Da D%).

The operator Df,, can be interpreted as the one-dimensional inversion
of the fractional Riesz potential and it is thus an object important for ap-
plications.

For the functions w, v from the Lizorkin space ®(IR) of functions the
formula for integration by parts for the fractional Riemann-Liouville deriva-
tives holds true (see [14] for the proof in the space Ly; ®(IR) C Ly):

+oo “+o0o
/ v(z)(Diu)(z) de = / (D%v)(z) u(x) dz. (14)

Another result we need for the further discussions is connected with the
fractional derivatives of the exponential functions e, w € IR, w # 0.
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LEMMA 3.1. Let w € IR, w# 0 and 0 < a < 1. Then
(I¢e™")(z) = e™*|w|~*(cos(am/2) — i sign(w) sin(ar/2)). (15)

P r o o f. Using the variables substitution 7 = x — t the integral
(I¢e™")(z) can be represented in the form

. 1 z ) . 1 +oo .
(Iaezwt)(ﬂg) — / (.CU o t)afl ezwt dte™® / Tafl e~ WT It
i I[(a) I(a) Jo

— 00

e (1 /Jm b cos(wr)dr —i 1 /+OO o=l sin(wr)d )
= T T)dr — T T)dr | .
I'() Jo I'(a) Jo

Both integrals in the last expression are convergent under the condition
w€ IR, w#0and 0 < a <1 and can be evaluated in the analytical form
using the integral tables [9]:

1 /+°° a1 _
—— T cos(wT)dr = |w| cos(am/2),
o) J; (wT) |w] (ar/2)

1 T et g = sign(w)|w|™® sin(am
r(a)/o 721 gin(w7) dr = sign(w)|w|® sin(ar/2).

The formula (15) follows now from the last three formulae. [

In the similar way we can prove the
LEMMA 3.2. Let w € IR, w# 0 and 0 < o < 1. Then
(I%e“") (x) = e™*|w|~*(cos(am/2) + i sign(w) sin(ar/2)). (16)
We can now evaluate the fractional derivatives of the exponential func-
tions et w € IR, w # 0.
LEMMA 3.3. Let w € IR, w# 0 and 0 < o < 1. Then
(DS e™")(z) = ™" |w|*(cos(am/2) + i sign(w) sin(am/2)). (17)

Proof Weuse Lemma 3.1 and obtain

(Dge)(a) = (L) (2)
d

= %(ewﬂw\_(l_o‘)(cos((l — a)7/2) — isign(w) sin((1 — a)m/2))
= (1 w)|w| 1Y (cos((1 — a)m/2) — isign(w) sin((1 — a)7/2))

= eiwxsign(w)\wHw|_(1_a)’i(Sin(a7T/2) — isign(w) cos(am/2))

= "% |w|*(cos(am/2) + isign(w) sin(ar/2)).
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In the similar way we can prove the

LEMMA 3.4. Letw € IR, w+# 0 and 0 < o < 1. Then

(D%t () = e™%|w|*(cos(am/2) — isign(w) sin(am/2)). (18)

REMARK 3.1. The formulae (15)-(18) can be considered to be an
extension of the well known formulae (see e.g. [4])

(I2eM)(z) = A%, R(A) > 0, a >0,

(I%e™M)(z) = A%, R(\) >0, a >0,
(DS eM)(z) = X% M, R(N) >0, a >0,
(D% ) (z) = X%, R(A) >0, a >0
to the case of R(\) =0, S(\) #0, 0 < a < 1.

We are now in a position to formulate and prove the main result of this
section.

THEOREM 4.1. Let 0 < a <1 and a function u belong to the Lizorkin
space ®(IR). Then the following operational relation holds true for any
value of the parameter (3:

(FaDju)(w) = (—i caw)(Fau)(w), w € R, (19)
where c,, is a constant defined as
co = sin(an/2) + isign(w)(1 — 28) cos(an/2). (20)

In particular, for the fractional derivative DY, = 1/2(D$ — D) the oper-
ational relation (19) can be represented in the standard form

(fan‘/Qu)(w) = (—isin(ar/2)w)(Fau)(w), w € IR. (21)

REMARK 3.2. If a = 1, the operational relation (19) is reduced to the
known operational relation for the conventional Fourier transform for any
value of the parameter 3: 4

(leéu)(w) = (f%u)(w) = (—iw)(Fu)(w), w € R. (22)

Proof of the Theorem 4.1: We separately consider several cases:
Da=12)a#lL,w=0,3)a#1l,w>0,4) a#1,w<0.

Case 1: If a =1, the statement of the Theorem 4.1 is just the classical
result for the conventional Fourier transform (see Remark 3.2).
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Case 2: If w =0, we have to show that
(FaDgu)(0) =0 (23)

for any function u from the Lizorkin space ®(IR). Indeed,
+oo

(FaD3u)(0) = / (Dgu)(z) da

—0o0

+o0o
— / [(1 - 5)i(1i—au)(x) + ﬁ%(ﬂ_au)(m) da

PN dx
= [(1= BT u)(z) + BUIEu)(x)] |2

The last expression is equal to 0 because the fractional integrals of a func-
tion u from the Lizorkin space ®(IR) belongs to the space ®(IR), too (see
[14]). The inclusion ®(IR) C S, S being the space of rapidly decreasing test
functions on the real axis IR, finishes the proof in this case.

Case 3: We use now the formula (14) for integration by parts for the
functions v = €l and u € ®(IR). Of course, the function v does not
belong to the Lizorkin space ®(IR) or even to L, and thus we cannot apply
the formula immediately. But v is a bounded function with respect to the
variables z and w: |v] = 1 Vz,w € IR and thus the formula (14) can be
directly proved by means of the Fubini theorem for any function u € ®(IR).
Using the formulae (14), (17), (18) we have now the chain of identities
(w>0):

—+00

(FaDSu)(w) = / 2 (D) () da

—00

—a-p) [ " gl D) do - 9 / " 2D ) da

+oo ; 1/ +oo ; 1/
= (1-0) / (D2 (w)u(w) dw — 8 / (D3 ) (@)u(x) da

+oo ; 1/
=(1- ﬂ)/_ etll" Y|w|(cos(ar/2) — i sin(an/2))u(zx) dz

oo ; 1/
—ﬁ/_ etll" “lw|(cos(am/2) + i sin(am/2))u(z) dx

oo ; 1/
= ((1 —20) cos(am/2) — isin(owr/Z))w/ elll' “u(z) dz

—00

= (—iw)(sin(ar/2) + i (1 — 20) cos(an /2))(Fou)(w).
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Case / (o # 1, w < 0) is like Case 3, if we take the function v = e—ilwlt/ oz

instead of v = e“‘*"l/%, so we omit the intermediate calculations:
oo o1/
(FaDSu)(w) = / e~ 172 (D) () da
—0o0

= (—iw)(sin(ar/2) —i (1 — 20) cos(an/2))(Fou)(w).

Putting Cases 1)-4) together completes the proof of the operational relation
(19). Finally, the operational relation (19) results in the formula (21), if

B=1/2. .

REMARK 3.3. The case 3 = 1/2 is the most interesting one (see the
operational relation (21)). It can be considered to be a direct fractional
generalization of the operational relation (22) for the conventional Fourier
transform. Other potentially useful cases are as follows:

1) =0, D§ = DS:
(FaDSu)(w) = (—icqw)(Fau)(w), w € IR,
co = (sin(am/2) + isign(w) cos(an/2)).
2) =1, Dy = —-D*:
(FaDu)(w) = (i cow) (Fau) (@), w € IR,
co = (sin(am/2) — isign(w) cos(am/2)).
REMARK 3.4. Of course, the results presented in this section, especially

the ones stated in Theorem 4.1, can be proved in other classical spaces of
functions following the standard procedure.

4. Applications of the fractional Fourier transform

In this section the way of how to use the operational relation (21) for
solving the linear partial differential equations of fractional order is indi-
cated.

We consider the space-time fractional diffusion equation

2 DYy u(z,t) = tDPu(z,t), xR, tcR", (24)

where the «, ( are real parameters always restricted as follows 0 < a <

1, 0 < 8 <2, me‘/Q = %(xD‘j‘_ — oD%) is the space-fractional derivative
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of order o and th is the Caputo time-fractional derivative of order (
(m—1<pB<m, me IN) defined as follows:

(m)
L )/t(f (7) dr m—-—1<p8<m,
0

(D fiey = { T o e )
Wf(t) ’ /8 =m.

The operator defined by (25) has been referred to as the Caputo fractional
derivative since it was introduced by Caputo in the late 1960’s for modeling
the energy dissipation in some anelastic materials with memory, see [2].

It is well known that for a sufficiently well-behaved function f the prop-
erty

m—1
L4DL f(t)ish =5 F(s) = Y PR WO, m—1<B<m (26)
k=0
holds true, £ being the Laplace transform

Fls) = £{f(t): s} = /O Te S fyde, R(s) > a

of a function f. A sufficient condition of the existence of the Laplace trans-
form is that the original function is of exponential order as t — oo. This
means that some constant ay exists such that the product e~ |f(¢)| is

bounded for all ¢ greater than some 7. Then f(s) exists and is analytic in
the half plane R(s) > ay.
For the equation (24) we consider the Cauchy problem

u(z,0) =¢(x), x€ R, u(too,t)=0, t>0, (27)

where p(z) € L°(IR) is a sufficiently well-behaved function. If 1 < 5 < 2 we
add the condition u(x,0) = 0, where w(x,t) = %u(:c, t).

By solution of the Cauchy problem for the equation (24) we mean a
function w which satisfies the conditions (27). The Green function (or fun-
damental solution) of the Cauchy problem is a (generalized) function G that
corresponds to the initial condition ¢(x) = §(x), § being the Dirac delta
function.

Taking into account the operational relation (21) for the space-fractional
derivative and the Laplace transform formula (26) for the Caputo time-
fractional derivative we get the following formula for the Laplace transform
and the fractional Fourier transform of order o of the Green function:

—isin(ar/2)w Ga(w, s) = s° Galw,s) — s
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It follows from the last equation that
= gh—1
Galw,s) = s8 +isin(amr/2)w’
To find the Green function let us first invert the Laplace transform in the

last formula. For this purpose we recall the well known Laplace transform
pair (see e.g. [7] and references therein),

(28)

8—1
By(et) & S—. R(s) > |o'/7, (29)

with c € @', 0 < 8 < 2, where Eg denotes the the Mittag-Leffler function
of order (3, defined in the complex plane by the power series

o Zn
EB(Z):HZZOW, ﬂ>0, zed.

Then, by comparing (28) with (29), we obtain the fractional Fourier trans-
form of the Green function as

C/}\a(w,t) = FEps [—i sin(am)w t’B] , keER, t>0. (30)

The Green function G of the initial-value problem (27) for the equation (24)
can be expressed in the form

G(x,t) = (Fi Eg [—isin(aw)wt’ﬂ)(m), (31)

F; ! being the inverse fractional Fourier transform given by (8). Making use
of the Mellin-Barnes representation (see e.g [1], [10]) of the Mittag-Leffler
function Ejg in the form

1 m(—2)°ds 1 [L(s)I(1—s) .
2mi /_oof(l + Bs) sinst  2mi J,__ T(1—fs) (—2)""ds,

Ep(z) =

where the integration is over a left-hand loop L_,, drawn round all the
left-hand poles s = 0,—1,—2,... of the integrand in a positive direction
and the Mellin transform machinery, we can invert the fractional Fourier
transform (31) and represent the Green function G in the form of a linear
combination of certain Mellin-Barnes integrals. The technique used to do
this is indeed the same one that has been employed in the paper [7] for
the case of the space-time fractional diffusion equation with the Riesz-Feller
fractional derivative instead of the fractional derivative fo‘/Q. These results
in form of the generalized hyper-geometric series as well as asymptotics and
numerical evaluations of the Green function for the equation (24) will be
presented elsewhere.
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REMARK 4.1. Like in the case of the conventional Fourier transform,
the discrete fractional Fourier and the fast fractional Fourier transforms can
be introduced, studied, and applied to various problems in different fields.
All these notions are the topics for further research.

Acknowledgment

The project related to the fractional Fourier transform and its applications
was started during the visit of the first author to the University of La Laguna
(ULL) in August 2007. The authors express their thanks to MICINN (grant
MTM2007-60246) and ULL for their support of this work.

1]

References

E.W. Barnes, The asymptotic expansion of integral functions defined
by Taylor’s series. Phil. Trans. Roy. Soc. London A 206 (1906), 249-
297.

M. Caputo, Linear models of dissipation whose () is almost frequency
independent, Part II. Geophys. J. R. Astr. Soc. 13 (1967), 529-539.
I.M. Gel’fand and G.E. Shilov, Generalized Functions. Vol. 2: Spaces of
Fundamental and Generalized Functions. Academic Press, New York
and London (1968).

A.A. Kilbas, H.M. Srivastava, and J.J. Trujillo, Theory and Applica-
tions of the Fractional Differential Equations. North-Holland Mathe-
matical Studies, Vol. 204, Elsevier (2006).

P.I. Lizorkin, Generalized Liouville differentiation and functional
spaces L (Ey). Embedding theorems. Mat. Sb. 60 (1963), 325-353 (in
Russian).

P.I. Lizorkin, Generalized Liouville differentiation and the method of
multipliers in the theory of embeddings of classes of differentiable func-
tions. Proc. Steklov Inst. Math. 105 (1969), 105-202 (1971).

F. Mainardi, Yu. Luchko, and G. Pagnini, The fundamental solution of
the space-time fractional diffusion equation. Fractional Calculus and
Applied Analysis 4, No 2 (2001), 153-192.

H.M. Ozaktas, Z. Zalevsky, and M.A. Kutay, The fractional Fourier
transform. Wiley, Chichester (2001).

A.P. Prudnikov, Yu.A. Brychkov, and O.I. Marichev, Integrals and Se-
ries. Vol. 1: Elementary functions. Gordon and Breach Science Publ.,
New York-London-Paris-Montreal-Tokyo (1989).



470

[10]

[11]
[12]
[13]

[14]

Yu.F. Luchko, H. Matrinez, J.J. Trujillo

A.P. Prudnikov, Yu.A. Brychkov, and O.I. Marichev, Integrals and
Series, Vol. 8: More special functions. Gordon and Breach Science
Publ., New York-London-Paris-Montreal-Tokyo (1990).

B. Rubin, Fractional Integrals and Potentials. Pitman Monographs and
Surveys in Pure and Applied Math. 82, Longman (1996).

S.G. Samko, Denseness of Lizorkin-type spaces ®y in L,. Mat. Notes
31 (1982), 432-437.

S. Samko, Denseness of the spaces ®y of Lizorkin type in the mixed
L,(R,)-spaces. Studia Mathematica 113, No 3 (1995), 199-210.

S.G. Samko, A.A. Kilbas, and O.I. Marichev, Fractional Integrals and
Derivatives: Theory and Applications. Gordon and Breach Science
Publ., New York-London (1993).

E.C. Titchmarsh, Introduction to Theory of Fourier Integrals. Oxford
Univ. Press, Oxford (1937).

N. Wiener, Hermitian polynomials and Fourier analysis. J. Math. Phys.
8 (1929), 70-73.

L Dept. of Mathematics II
Technical University of Applied Sciences Berlin
Luxemburger Str. 10, 13353 Berlin — GERMANY

e-mail: luchko@tfh-berlin.de

Received: September 2, 2008

2 National Experimental Univ. of Guayana

Port Ordaz, State of Bolivar, VENEZUELA

3 Dept. de Analisis Matematico
Universidad de La Laguna
38 271 — La Laguna (Tenerife), Canary Islands — SPAIN

e-mail: jtrufill@Qullmat.es



